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ABSTRACT. In his so-called 'Allais Impossibility Theorem', Allais (1988) asserts 
that the technique of 'generalized expected utility analysis' from Machina (1982) 
is invalid, on the grounds that its key tool, the 'local utility function', cannot be 
well-defined for preferences over finite-outcome lotteries. This paper presents a 
brief description of the local utility function and a summary of Allais' argument, 
and points out two separate errors in the latter. The first error consists of believing 
that two local utility functions should be affinely equivalent even when their 
outcome variables differ by a nonlinear transformation. The second error consists 
of an incorrect derivation of the local utility function, resulting from extending 
a moment representation function beyond its valid domain, and/or invoking the 
chain rule at a point where this function is not differentiable. 
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In Machina (1982, 1983) I presented an analytical approach for the 
study of 'smooth' (i.e., differentiable) non-expected utility prefer- 
ence functionals over bounded univariate probability distributions, 
which I termed 'generalized expected utility analysis'. Put simply, it 
consists of the observation that, as with any differentiable function 
or functional, a smooth functional over probability distributions will 
possess a 'local linear representation' at each point (i.e., probabil- 
ity distribution) in its domain. Since linearity in the probabilities 
is mathematically equivalent 1 to the expected utility property, this 
means that a smooth preference functional is 'locally expected utili- 
ty' at each probability distribution in its domain. I termed the utility 
function that represents the local expected utility ranking at each 
probability distribution the 'local utility function' at that distribu- 
tion. 

The value of this approach is that, as with any application of finite 
or infinite-dimensional calculus, global hypotheses on the nature of 
a preference functional's derivatives (its local utility functions) are 
often equivalent to exact global properties of the preference func- 
tional itself. Thus, for example, a preference functional will be glob- 
ally risk averse 2 if and only if its local utility functions are concave 
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at each distribution in its domain (Machina, 1982, Thm. 2). This 
analytical approach has been extended to larger classes of prefer- 
ence functionals and distributions by Chew, Karni and Safra (1987), 
Karni (1987, 1989) and Wang (1993); it has been formally axiom- 
atized by Allen (1987); and it has been applied to the analysis of 
choice under uncertainty by Chew, Epstein and Zilcha (1988), Chew 
and Nishimura (1992), Green and Jullien (1988), Machina (1984, 
1987), Machina and Neilson (1987), ROell (1986) and others. 

In Allais (1988), Maurice Allais presented an alleged proof of the 
following statement, which in Allais (1986) and elsewhere he refers 
to as the 'Allais Impossibility Theorem': 

Machina's 'local utility' function cannot be validly defined over the whole domain 
(0, M ) o f  variation of the xi  considered by Machina. (Allais, 1988, p. 380) 

where the xi's are the outcome values of a finite-support probability 
distribution. This had led Allais to conclude that 

the very foundation of Machina's theory does collapse. (Allais, 1988, p. 382) 

The purpose of this paper is to identify two separate errors in 
Allais' argument. Section I defines the notion of the local utility 
function of a preference functional, and Section II gives a step-by- 
step presentation of Allais' argument. Sections III and IV identify 
the two mistakes, each of which renders the argument invalid. In 
each case, I present a counterexample to Allais' assertion, as well 
as describe the nature of his error. The first mistake is a misunder- 
standing of when two local utility functions (or for that matter, two 
von Neumann-Morgenstern utility functions) derived from the same 
preference ranking should be affinely equivalent. The second mis- 
take consists of an incorrect derivation of the local utility function, 
resulting from extending a moment representation function beyond 
its valid domain, and/or invoking the chain rule at a point where this 
function is not differentiable. For the benefit of readers who do not 
wish to consult Allais (1988), the presentation in this paper is self- 
contained. For the benefit of readers who do wish to consult it, cross 
references by page and/or equation number are given throughout. 
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I. L O C A L  UTILITY FUNCTIONS FOR PREFERENCES OVER 
FINITE-OUTCOME PROBABILITY DISTRIBUTIONS 

In the analysis of Machina (1982), I considered a general pref- 
erence function V ( F )  over the set of all probability distributions - 
discrete, continuous or otherwise - over a real interval [0, M], as rep- 
resented by their cumulative distribution functions F(-) on [0, M]. 
Since it is Allais' contention that this approach cannot be applied to 
the subset of finite-outcome distributions over this interval, in the 
present development I restrict attention to the subset of all finite- 
outcome probability distributions P = ( x l , . . . ,  xn ,p1, . . .  ,pn)(1 ~< 
n < ~ )  on [0, M]. 

One way to express the idea of generalized expected utility analy- 
sis is that, once we reinterpret the standard results of expected utility 
analysis in terms of the probability derivatives of the expected utility 
preference functional, it turns out that many of these same results also 
apply to the probability derivatives of general non-expected utility 
preference functionals. The 'local utility function' is precisely this 
probability derivative. 

Accordingly, recall that given any expected utility preference 
functional 

n 

(1) V(P) - V ( x I , . . . , x , ~ , p l , . . . , p ~ )  =- E U ( x i ) ' p i  
i=1 

over finite-outcome probability distributions, we have the following 
classic results: 

(a) V(-) exhibits first order stochastic dominance preference if and 
only if U(-) is increasing, i.e., if and only if 

U(x) < U(x') for all x < x' 

(b) V(.) exhibits risk aversion (i.e., aversion to mean preserving 
increases in risk) if and only if U(.) is concave, i.e., if and only 
if 

U(x')  - U(x)  > U(x") - U(x') 
X t - -  X X t t  - -  X t 

for all x < x' < x" 

(c) some other expected utility preference functional V*(P) --- 
~i~=1 U*(xi) " Pi is at least as risk averse 3 as V(.)  if U*(.) 
is a concave transformation of U(.), i.e., if 4 
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U(x")-U(x ' )  
U(x,) U(x) 

g*(x")-U*(x') 
U , ( x , ) - u , ( x )  

for all x < x I < x" 

In order to interpret these results in a manner that can be general- 
ized beyond expected utility, observe that, for any P = (x l , . . . ,  x~, 
p l , . . . ,  p,~), the yon Neumann-Morgenstern utility function U(-) at 
any outcome level xi in the support of P can be expressed as the 
derivative ofthe formula V(x l , . . .  ,x,~, pl , . . .  ,p~) = ~n=l U(xi) 'pi  
with respect to the probability of obtaining the outcome xi: 

(2) 

0 V ( P )  _ OV(x l , . . . , xn ,p l , . . . , pn)  
0prob(x~) - Op~ 

_ o[u(xl).pl + . . .  + u(x,,). 
opi 

- V ( x d  

Of course, taking some P = (x l , . . . ,  x~,pl, . . .  ,p~) and increas- 
ing/decreasing a single pi by some amount dpi means that we no 
longer have a probability distribution, since the variables {p l , . . . ,  
pi-1, pi + dpi, p~+l, . . . ,  p,~ } no longer sum to unity. In other words, 
while equation (2) is meaningful as the derivative of the mathe- 
matical formula V(x l , . . . , x~ ,p~ , . . . , pn)  - ~=1U(xi)  . pi with 
respect to some p~, it does not represent a change from P to some 
other actual probability distribution. However, as long as the set of 
changes (dp l , . . . ,  dpn) sum to zero, we can use these derivatives 
jointly to represent such a response. In other words, for any dis- 
tribution P = (Xl , . . . ,  x,~,pl, . . .  ,p~) and any vector of changes 
( d p l , . . . ,  dpn) summing to zero, 5 equation (2) implies 6 

(3) dV(P)  =- ~ .  dpi-= ~ U(xl). dp~ 
i= 1 api i =  1 

For purposes of pointing out one of the errors in Allais' argu- 
ment, it is important to note that the interpretation of U(x) as 
OV(P)/aprob(x) is not restricted solely to outcome levels xi in 
the support of P. To see this, take any distribution P -= (Xl, . . . ,  x~, 
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and any outcome level x in [0, M] but not in {x l , . . . ,  xn }. Since for- 
mula (1) is defined for any positive integer n, we can write 

(4) 

n 

V(xl , . . . ,xn ,p , , . . . ,pn)  =-- ~ U(xi)"Pi 
i=1 

==_ u ( ~ )  . p~ + u(~) . p~ 

p~=0 

- V ( x l , . . . , x ~ , x , p l , . . .  ,p,~,p~)lp==0 
- V ( x l , . . .  , x , ~ , x , p l ,  . . .  ,p~, O) 

so that we have 

0V(P) 

Oprob(x) = 

(5) 

OV(xt,... ,xn, x, pl,...,p,~,px)l 

Op~ p~ =o 
O[E~, U ( x ~ )  . p~ + U ( x )  . p~]l 

b~x Pz =0 I 
- U ( x )  

Thus we have that for any probability distribution P = (xl, . . . ,  x,~, 
p l , . . .  ,pn), anY outcome x in [0, M] - {x l , . . . ,  xn}, and any vector 
of differential changes (dpl , . . . ,  dp,~, dp~) summing to zero: 

(6) 

0V(P) OV(P) 
dV(P) ~ ~ -dpi + ~ ' d p ~  

i=1 Opi Op~ 
n 

=_ ~ U(x~). dp, + U ( x ) . # x  
i=1 

Rewriting the above three results in terms of these 'probability 
derivatives', we obtain: 

(a') V(.) exhibits first order stochastic dominance preference if and 
only if at any distribution P, OV(P)/Oprob(x) is an increasing 
function of x, i.e., if and only if 

0V(P) 0V(P) 
< for all x < x 1 

Oprob(x) Oprob(x') 

(b') V(.) exhibits risk aversion (aversion to mean preserving increas- 
es in risk) if and only if at any distribution P, OV(P)/Oprob(x) 
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is a concave function of x, i.e., if and only if 
OV(P) _ o V ( P  ) .... OV(P) _ OV(P) 

aprob(x') Dprob(x) > Oprob(x") Dprob(x') 
X t - - X  X H - - X  ' 

f o r a l l x < x ' < x "  

(¢) some other preference functional V*(.) is at least as risk averse 
as V (.) if at any distribution P, 0 V* (P) / 0prob(x) is a concave 
transformation of OV(P)/Oprob(x), i.e., if 

aV(P) _ ,0V(P) 0V*(P) _ 0V*(P) 
0prob(x") Oprob(x ~) aprob(x") cgprob(x') 

OV(P) . . . .  OV(P), /> O V * ( P ) O V * ( P )  
Oprob(x') o~prob(x) o~prob(x ') Oprob(x) 

for all x < x' < x" 

To see that expressing the above results in this manner allows for 
their direct generalization to the non-expected utility case, consider 
result (a/a') on first order stochastic dominance preference. It is well 
known that any first order stochastically dominating change from 
one discrete probability distribution to another one consists of one 
or more shifts of probability mass from lower outcome values up to 
higher outcome values. It is also clear from the inequality in (a') that 
any such increase in the probability of a higher outcome x' at the 
expense of a matching decrease in the probability of a lower outcome 
x will lead to a net increase in the value of the preference functional 
V(.), so that all such first order stochastically dominating changes 

- be they 'small' (differential) or 'large' - will be strictly preferred. 
It is crucial to note that nowhere in this argument do we need the 
assumption that V(-) is necessarily linear in the probabilities (i.e., 
that it is necessarily expected utility), so that result (a') is true for all 
smooth preference functionals V (.). Similar arguments demonstrate 
that results (b') and (c') also hold for general smooth probability 
distributions. 7 

To highlight the correspondence between the probability deriva- 
tive OV(P)/Oprob(x) of a general smooth preference functional 
V(.) and the von Neumann-Morgenstern utility function U(.) of an 
expected utility preference functional, I have adopted the following 
notation for the probability derivative: 

(7) U(x;P)  aef OV(P) 
= Oprob(x) for all x C [0, M] 
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and refer to the function U(-;P)  as the local utility function of V(-) 
at the distribution P. Using this notation, we can write the above 
'generalized expected utility' results (a'), (b') and (c') as: 

(a") V(.) exhibits first order stochastic dominance preference if and 
only if at any distribution P, U(x; P) is an increasing function 
of x, i.e., if and only if 

U(x;P)<U(x ' ;P)  ! 
for all x < x 

(b") V(.) exhibits riskaversion (aversion to mean preserving increas- 
es in risk) if and only if at any distribution P, U(x; P) is a 
concave function of x, i.e., if and only if 

U(x';P)-U(x;P) U(x";P)-U(x';P) > 
X t - -  X X t t  - -  X t 

for all x < x ~ < x" 

(c") Some other preference functional V* (.) is at least as risk averse 
as V(.) if at any distribution P, U*(x; P) is a concave transfor- 
mation of U(x; P), i.e., if 

U(x" ;P) -U(x ' ;P )  
U(x'; P)  -- U(x; P) ~> 

U*(x";P)-U*(x';P) 
U*(x ' ;P)-U*(x;P)  

for all x < x' < x" 

For additional applications of generalized expected utility analysis 
to the study of smooth non-expected utility preference functionals, 
the reader is referred to the articles cited in the introduction to this 
paper, especially the insightful piece by Chew, Epstein and Zilcha 
(1988). 

Finally, since I shall make important use of the following fact, 
it is worth possibly belaboring the obvious by stating it explicit- 
ly: Equations (2), (5) and (7) together imply that the local utili- 
ty function U(.; P) for any expected utility preference functional 
V(P) = ~ni=l U(xi)" pi at any probability distribution P is exactly 
its von Neumann-Morgenstern utility function U(.). 
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II. ALLAIS '  ' IMPOSSIBILITY THEOREM'  

Professor Allais' argument, as sketched out in Section 2 (especially 
pp. 358-361) of Allais (1988) and presented more formally in its 
Appendix A (pp. 377-386), proceeds as follows: 8 

Allais begins with a general non-expected utility preference func- 
tional 

(8)  (I) = H(Xl,... ,xn,pl,...  ,Pn) (1) 

over finite-outcome probability distributions. Defining the kth abso- 
lute moment of the probability distribution P = (xt, ... ,x~, 
Pl, . . . ,  P,~) by 

f~ 

(9) Mk = ~ Pi" x) (4) 
i=1 

and stating that "a discrete distribution of order n is fully determined 
if its 2 n -  1 first moments are given" (p. 357), he obtains the following 
representation of the preference functional H(.): 

(10) H(x~,.. . ,x, ,p,;. . . ,p,~)=_a(M,,. . . ,M2n_,) (5) 

Allais now considers a general increasing (though not necessarily 
linear) transformation 

(11) y = f(x) (7) 

of the outcome variable x. Since f(-) is a one-to-one function, we can 
equivalently represent the original preference functional in equation 
(8) as 

(12) H*(yl,...,y~,pl,...,p,~)---H(xl,...,xn,pl,...,p,~)(12) 

where of course 

(13) Yi ----- f(xi) (13) 

Defining the moments of the random variable y by 9 

n T~ 

(14) .Mk = ~ Pi" Y~ = Y~ Pi" fk(x~) (14,17) 
i = 1  i-----1 
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he obtains a corresponding moment representation of the preference 
functional H* (.): 

(15) H*(yl , . . .  ,Yn,Pl,...,Pn) =-- G*(.Adl,...,.A/~2n-1) (15) 

The remainder of Allais argument consists of three steps:l° First, 
he claims (p. 381) that, "According to Machina" the local utility 
functions of the preference functionals H (. ) and H* (.) "should be 
identical up to within a linear [i.e., increasing affine] transformation 
for any value of x(O <~ x <. M)". Second, he uses the moment repre- 
sentations (10) and (15) of H(.) and H*(.) to derive what he claims 
are their respective local utility functions. Finally, he shows that the 
functions he obtains cannot be increasing affine transformations of 
each other. 

To calculate the local utility function U(.;P)11 of the preference 
functional H(.), Allais takes the differential expansion of its moment 
representation function G(M1,. . . ,  M2,~_ 1), to obtain 

d~ 

(16) 

2n- 1 

i=1 
2n- 1 

OG(M1,...,M2n_l) OMk] 
OMk " -~Pi J " dp~ 

(19) 
OG(M1,... ,M2n_,) ~] 

OMk • x • dpi 

so that (according to Allais) the local utility function of H(.) for 
outcome values x E [0, M] must be 

0H(P)  OG(M,,...,M2~_~) 
U (x; P) = Oprob(x) = Oprob(x) 

(17) (20) 
2,~-10G(M1,... ,M2n-1) . x k 

= E OMk k=l 

From equations (14) and (15), a similar differential expansion of 
G*(.M1,.. . ,  .M2~-1) yields 

I2n-- 1 ] 
(18) d(I)---=~Lk~=l 0G*(.M1,... , .Man_I) 

i=1 -O----~k • fk(xi) .dpi (21) 

so that (according to Allais) the local utility function of H*(.) for 
outcomes x E [0, M] must be 

U*(x;P) -- OH*(P) _ OG*(.Adl,...,.M2n-1) 
0prob(x) 0prob(x) 
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(19) (22) 

= 2,~-1~ OG*(.M,,...OAdk, Ad2~_,). fk(cc) 
k = l  

The final step in Allais' argument, showing that the formu- 
las he obtains for the local utility functions U(., P) and U*(.;P) 
cannot be increasing affine transformations of each other, follows 
from the structure of the formulas (17) and (19). Note that since 
the sets of moments {M1, . . . ,  Mzn-1} and {.A~I,... , ]~2n- l} ,  and 
hence the sets of partial derivatives { O G / O M ~ , . . . ,  O G / O M a ~ _ I }  
and { O G * / & M 1 , . . . ,  OG*/OA42,~_l }, are functions of the probabil- 
ity distribution alone and not  the value of z, it would follow from 
(17) that the local utility function U ( z ;  P) is a 2n - 1 degree poly- 
nomial in z over the interval [0, M], while it would follow from (19) 
that the local utility function U*(z; P) is a 2n - 1 degree polyno- 
mial in f ( z ) .  Since the function f(.)  was arbitrary, argues Allais, 
these two formulas cannot be identical up to an increasing affine 
transformation over any real interval. 

III. WHEN SHOULD TWO LOCAL UTILITY FUNCTIONS (OR TWO VON 
NEUMANN-MORGENSTERN UTILITY FUNCTIONS) BE AFFINELY 

EQUIVALENT? 

The essence of Allais' argument is to present two local utility func- 
tions derived from the same underlying preference ranking that are 
not affinely equivalent, even though "according to Machina they 
should  be identical up to within a l inear [i.e., increasing affine] 
t ransformat ion"  (Allais, 1988, p. 381). Allais' first error is in believ- 
ing that the property of affine equivalence should be expected to 
hold, or that I claim it should hold, under  nonl inear  transformations 
o f  the ou tcome  variable.  The following counterexample shows that 
this is not true, even in the simple special case of expected utility 
preferences: 

COUNTEREXAMPLE 1. Define the expected utility preference 
funct ional  H ( Z l , . . . , x~,  pl , . . . , pn ) = ~ = 1  U ( z i ) .pi where  U ( x ) - 
a: 2 over the domain z E [2, 3] C R 1. Since the local utility func- 
tion of any expected utility preference functional is just its von 
Neumann-Morgenstern utility function, it is clear that at any distri- 
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bution P, the local utility function of H(.) is given by the formula 
U(x; P) = U(x)  =_ x 2, or any increasing affine transformation of 
this formula, which will clearly be a convex function over its domain 
[2, 3]. 

Now define the nonlinear transformation y = f ( x )  = x 4, so that 
y ranges over the interval [16, 81]C R 1. It is clear that we can repre- 
sent the same individual's risk preferences in terms of the outcome 
variable y by means of the preference functional H*(yl , . . .  ,yn, 
Pl , . . .  ,Pn) = E~=I U*(yi) " pi, where U*(y) =_ U ( f - I ( y ) )  = 
over the domain y E [16, 81]. Once again, H*(-) is an expected 
utility functional, so that at any P, its local utility function is given 
by U*(y; P) = U*(y) =- v/if, or any increasing affine transforma- 
tion of this formula, which will clearly be a concave function over 
its domain [16, 81]. Thus, the local utility functions U(.;P) and 
U*(.; P) cannot be identical up to an affine transformation. • 

To my knowledge, no researcher (including myself) has ever claimed 
that two von Neumann-Morgenstern utility functions representing 
the same underlying preference ranking should be affinely equiv- 
alent when their outcome variables are related by a nonlinear 
transformation 12 and I have certainly never claimed this for local 
utility functions either. ~3 In fact, when the preference functionals 
H(.) and H*(.) are related by a transformation of the outcome vari- 
able, the very issue of whether their local utility functions must 
satisfy an identity of the form 

(20) U * ( z ; P ) _ ~ a . U ( z ; P ) + b  

is a meaningless question, since as Counterexample 1 illustrates, the 
functions U*(-; P) and U(.; P) will generally be defined over differ- 
ent domains (and in the case of our counterexample, the completely 
disjoint intervals [2, 3] and [16, 81]). 

To derive the correct relationship between the local utility func- 
tions U(.; P) and U*(.; P), we begin with the identity linking the 
preference functionals H(.) and H* (.), namely 

H*(y, , . . . ,  p i , . . .  
(21) (12,13) 

-- H ( f - l ( y l ) , . . . , f - l ( y n ) , p l , . . . , p n )  
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At any distribution P = (y 1 , . . . ,  y~, p l , . . . ,  pn) and for any outcome 
level yi in its support { y l , . . . ,  y,~}, we accordingly have: 

U (yi, P)  = OH*(yl, . . . ,y ,~,pl , . . . ,pn) 
Opi 

O H ( f - l ( y l ) , . . . , / - 1  (y,~), P l , . . . ,  p,~) 
(22) = 

Opi 

oi-i(% 
= Oprob(f_l(yi)) = U ( f - l ( y i ) ; P )  

where f? = ( f -  1 (yl) , . . .  , f -  x (y~), P 1 , . . . ,  Pn) is the probability dis- 
tribution of the variable x = f - l ( y )  when the variable y has the 
distribution P = ( y l , . . . ,  y~, P~ , . . . ,  p,~). For any outcome level y 
not in {Yl, . . . ,  Y~}, we similarly have 

U*(y ;P)  = OH*(Yl '""Y'~'Y'Pl '""P'~'PY) I 
Opy p~=o 

(23) - - OH( f - I ( y l ) ' ' " ' f - I (Y '~ ) ' f - ' (Y ) 'P l ' ' " 'P~ 'Pu)  
OPv p~ =o 

= Oprob(f_l(y)) ,~ob(S-l(y))=0 = U(f - l (y ) ;P)  

Thus, at any distribution P,  we have that the local utility functions 
of H (.) and H* (.) are linked by the relationship 

U* (y; P)  ~ U (f-1 (y); ~,) or more generally 

(24) U ' ( y ; P ) ~ a . U ( f - l ( y ) ; ~ ' ) + b  (a >O) 

for all values of y, whether or not they lie in the support of e.14 
This - as it must be - is a generalization of the relationship U* (y) - 
U ( f  - 1 (y)) exhibited by the yon Neumann-Morgenstern utility func- 
tions U(.) and U*(.) in Counterexample 1. 

IV. INVALIDITY OF DERIVING THE LOCAL UTILITY FUNCTION FROM 
THE MOMENT REPRESENTATION FUNCTION 

Allais' second (and separate) error consists in asserting that, under 
the moment representation 

(8,10) ~ = H(x l , . . . , x~ ,p l , . . . , pn )  = G(M1,...,M2,~_1)(1,5) 
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the differential expansion 

(16) 

[2~-10G(M1,  . . .  , M2n-1) 
dgp = ~i=l L k~--1 "O~7I'k 

2n-I O G ( M 1 , . . . ,  M2n-1) 

" Opi ] " dpi 
(19) 

"1 

J 

which properly pertains only to outcomes {x 1, . . . ,  xn } in the support 
of P = (x l , . . .  ,x~ ,p l , . . .  ,ion) and their associated probabilities 
{p l , . . . ,  p,~}, also applies for general outcome values x E [0, M] 
outside the support of P, so that (according to Allais) we would 
have the local utility function formula 

0H(P)  O G ( M 1 , . . . ,  M2n-1) 
U (x; P) - 0prob(x) - 0prob(x) 

(17) (20) 
2 n - 1 0 G ( M 1 , . . . ,  M2~-l) . xk 

= Z 
k = l  

for all outcome levels x C [0, M]. This is not correct, as shown by 
the following counterexample: 

COUNTEREXAMPLE 2. To see that something must be wrong 
with formula (17), recall that since the 2n - 1 partial derivatives 
{ OG( MI ,  . . . , Mzn-1) /OM1, . . . , OG( M1, . . . , M2n-1) /OM2~-l  } are 
each independent of x, it implies that, regardless of the nature of the 
preference functional H(.), its local utility function U(x; P) must be 
a 2n - 1 degree polynomial in x. Thus, for example, equation (17) 
states that the local utility function of the expected utility preference 
functional 

n n 

(25) H ( x l , . . . , x n , p l , . . . , p , ~ ) = -  ~ U ( x ~ ) ' p i -  ~ e X ' . p ~  
i=1  i = l  

which we know to be precisely the exponential function 

(26) U(x;P)  -- U(x) ___ e x 

must be a 2n - 1 degree polynomial! • 

Allais' erroneous derivation of equation (17) stems from the follow- 
ing oversight: Recall that the general formula for the local utility 
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function at an outcome level x outside the support of P is given by 
the probability derivative 

(27) U ( x ; P ) =  OH(zl , . . . ,x~,z ,  pl,...,p~,p~)op~ p~=0 

Note that if the distribution P = (xl, . . . ,  x,~,pl, ... ,p~) is an n- 
point distribution and x is not in the support of P, then the eval- 
uation of the derivative in (27) requires knowledge of the func- 
tion H(.) over the set of (n + 1)-point distributions with support 
{Xl,...  ~ x~, z}. 15 But this means that the moment representation 
function G( M1, . . . ,  Mzn- 1 ) of equation (10), which is only valid up 
to n-point distributions, cannot be used to obtain the local utility 
representation (17)for general outcome values x C [0, M] outside 
the support of any n-point distribution P. 

Although this oversight renders Allais' formula for U(x;P) 
invalid for general outcome values x E [0, M] for any n-point dis- 
tribution P, one might argue that formula (17), involving the func- 
tion G(M1,. . . ,  M2,~-I), could be valid for general outcome values 
x C [0, M] at any distribution P whose support contains fewer than n 
points. 16 However, this would involve a second oversight, namely the 
fact that the moment representation function G( M1,...~ M2n-1) is 
not generally differentiable at any set of moments {Ms, . . . ,  M2n-1} 
that correspond to a distribution P with a less than n-point support. 
Thus, an application of the chain rule on equation (10) to obtain 
equation (17) would not be valid in this case. The following coun- 
terexample demonstrates this: 

COUNTEREXAMPLE 3. To see that the moment representation 
function G(M1, ... ,M2n-1) is not generally differentiable at the 
moments of any probability distribution with a support of fewer than 
n points, it is necessary to go no farther than Allais' own algebraic 
illustration for the case n = 2 (Allais, 1988, pp. 383-385). In this 
case, the moment representation of any probability distribution P = 
(:cl, x2, P l, Pz) involves the first 2 n -  1 = 3 moments {Mx, M2, M3 }. 
Allais shows that if the preference functional is given by 

(28) ~b=H(xx,x2,pl,p2)=M4=x4.pl+x4.p2 (1", 18", 32) 

then the function G(Mi, Me, M3) that satisfies the identity 

(29) H(xl,xz,pl,p2) =~ G(M1,Mz, M3) 
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is given by the formula 

(30) G(M1,M2, M3) - M3 + M~ - 2M1M2M3 
M2 - M~ (6*) 

Allais neglects to define the value of the function G(Mj, M2, M3) at 
any set of moments of the form (M1,3//2, M3) = (z, z 2, z3), which 
correspond to any probability distribution P = (z, 1) with one-point 
support (note that for such a distribution, both the numerator and 
the denominator of his formula for G(M1, M2, M3) will be zero). 
However, from equations (28) and (29) it follows that G(z, z 2, z 3) 
must take the value 

(31) G(z~z2, z3)~-z 4 for all z C [0, M] 

To demonstrate that G(M1, ME, 343) is not differentiable at points 
of the form (Ml, M2, M3) = (z, z 2, z3), it suffices to show that its 
directional derivatives are not linear in the direction vector. Con- 
sider the following three direction vectors out of a point M = 
( M1, M2 , M3 ) : 

Direction A"/~  A _ (AM1, A M2, AM3) = ( 1,0, 1) 

(32) Direction B" ~B _ (AM1, AM2, AM3) = (0, 1,0) 

Direction C" z~ c = (AM1, AM2, AM3) = (1, 1, 1) 

Direction C is clearly the vector sum of Directions A and B. 
Thus, if the function G(M1,342, 3//3) were differenfiable at the point 

= (M1,342, M3) - in other words, if AllaJs' use of the chain 
rule to derive equation (16) from equation (10) were valid - we 
ought to have the following relationship among the three directional 
derivatives: 

dG (lkTI +dt z~c "t) I = dG(lkTI +at z~A "t) I 

t=0 t=0 (33) 
+ da(  + zi B • 

dt I t=0 

In order to evaluate these three directional derivatives at the point 
= (M1,342, M3) = (1, I, 1) (the moments of the one-point dis- 

tribution P = (1, 1)), we evaluate the functions: 

G(IVI + ~A . t) = G(l + t, l, l + t) 
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(34) 

a ( ~  + zX B . t) 

a(ai +/~c. t) 

1 + (1 + t 2 ) -  2(1 +t)  2 
1 - ( 1  + t )  2 

= 1  

= G(1,1 + t ,  1) 
(1 + t ) 3 +  1 - 2 ( 1  + t )  

( l + t ) -  1 
= l + 3 t + t  2 

= G ( l + t , l + t , l + t )  
(1 + t) 3 -t" (1 + t) 2 -  2(1 + t) 3 

(1 + t ) -  (1 + t )  2 
= l + t  

which imply directional derivative values of 

dG(ff~ + zX A. t) t = 0 da (M + ~ .  t) = 3 
dt I dt 

t=0  t =0  (35) 

and dG(~  + Z~ C. t) t=o dt = 1 

which do not satisfy the adding-up condition (33). • 

In fact, the problem is even more serious than this counterexample 
suggests. Recall that Allais' 'theorem' depends crucially upon the 
argument that, at any probability distribution P, each of the partial 
derivatives OG(M1, ... ,M2~_I)/OMk in equation (17) is a well- 
defined value. In his algebraic illustration for n = 2 (so 2n - 1 = 3), 
equation (17) takes the form 

U(x; P) OG(M1,M2, M3) 
OMI OM2 

(36) (20") 
+ OG(M1, M2, M3). z3 

om3 

At any set of moments (M1, M2, M3), the partial derivative OG(M1, 
342, M3 ) / O M3, if it exists, is given by the formula 

OG(~fl, J'~2, ]~/3) de__f dG(J]//1, ]]/-/2, 3:/'3 --~ t )  t=o 
(37) OM3 - dt 

OG(MI, M2, M3) . z2 
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However, for the Allais moment representation function 

(30) G(M1,M2, M3) -- M~ + M 2 - 2M, M2M3 
- M ?  

we have 

(38) 

(6*) 

G ( z ,  z2, Z3 + ~) ._ (z2)3 + ( z  3 _.]_ ~ ) 2  2(z)(zZ)(z 3 + ~) 

Z 6 4- Z 6 "~" 2Z3t + ~2 _ 2Z6 _ 2Z3t  t2 

Z 2 - -  Z 2 0 

But since G(z, z 2, z 3 + t) equals positive infinity for any nonze- 
ro value of t, the partial derivative OG(M1,312, Ma)/OM3 in for- 
mula (37) (and hence in formula (36)) is not well-defined at the 
moments (M1,3/2, 3/3) = (z, z 2, z 3) of any one-point distribution 
P =  (z ,I) .  

To summarize the nature of Allais' second error: The only way 
to use the moment representation function G(M1,... ,M2,~-1) to 
obtain the local utility function U(x; P) at a general outcome level 
z not in the support of P would be if the distribution P has a less 
than n-point support. However, at such distributions, the function 
G(M1, . . . ,  M2n-l) is not necessarily differentiable, in that its direc- 
tional derivatives are not necessarily linear in the direction vectors, 
and some partial derivatives may not even exist. Accordingly, Allais' 
use of the chain rule on this function in order to derive his local util- 
ity formula (17) is invalid,17 and leads to incorrect derivations of the 
local utility function in even the simplest of cases, as can be seen 
for the simple finite-outcome expected utility example presented in 
Counterexample 2. 
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APPENDIX 

Reader's Note on some typos in AlIais (1988): In the manuscript 
version of Allais (1988), dated June 5, 1986, his preference func- 



248  MARK J. MACHINA 

tions 'H(.)' and 'H*(.)' originally appeared as 'F(.)' and 'F*(-)' 
throughout. In converting this notation for the published version, 
some changes were apparently missed, so that in Atlais (1988): the 
symbols 'F' on page 378 (his equation (12)) and on page 383 (his 
equation (1")) should both properly read 'H', and the symbol 'F*' 
on page 378 (following his equation (11)) should properly read 'H*'. 
In citing the two equations, I have corrected the notation. 

NOTES 

1 This paper is about mathematical issues only. The question of the 'true nature 
of utility' is not addressed here. 

2 That is, averse to all mean preserving increases in risk, in the sense of Roth- 
schild and Stiglitz (1970). 

3 See Machina (1982, pp. 298-300; 1984, pp. 203-205) for the formal list of 
properties that this implies. 

4 The equivalence of this inequality to a concave transformation of U(.) is 
shown in Pratt (1964, Thin. 1). 

5 Actually, we must impose one more condition on the vector (dpl, . . . ,  dp,~) 
to ensure that (pi -1- dpl , . . .  ,Pn q- dpn) is a set of actual probabilities, namely, if 
pi = 0 then dpi >/0. This condition will be understood to hold throughout. 

6 Throughout both Allais' formulation (see Allais, 1988, p. 359 top) and our 
own, all differential expansions dV(P) (and later, d~) are with respect to the 
probabilities alone, not the outcome levels. 

7 More formal (and more general) versions of the results (al/a'), (bt/b ") and 
(cl/c'), along with their proofs, appear as Theorems 1, 2 and 4 of Machina 
(1982). 

8 Equation numbers at the right margin refer to Allais (1988, Appendix A, 
pp. 377-386). Unless otherwise stated, all references to equations are to my own 
equation numbers, which will continue to appear at the left margin. 

9 In keeping with Allais' notation, I use f k  (xi) to denote the kth power of the 
value f (x i ) .  

10 In Sections III and IV, I show that each of these first two steps is invalid, so 
that the third step is moot. 

1t Allais denotes local utility functions by '¶(x;  p)'  in the text of his paper and 
by 'z (x;  p)'  in his equations. For consistency with the original notation used in 
Machina (1982) and in subsequent articles by myself and others, I replace his 
terms ¶ (x ;p )  and 7r(x; p) by the standard term U(x; P) in the following cited 
equations and text. 

12 An even simpler example: Typically, after-tax income y is a nonlinear (say 
concave) function of before-tax income x. It is obvious that if I am risk neutral in 
after-tax income, then I cannot be risk neutral in before-tax income, or vice versa. 
Even if I 'm not risk neutral, my utility function over y should not be expected to 
be an affine transformation of my utility function over x. Nor should any of my 
local utility functions. 
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13 My discussion of the cardinal properties of local utility functions is given in 
Machina (1988). 

14 Although the terms a and b in (24) will be independent of the outcome value 
y (or f - l (y) ) ,  they can depend upon the probability distribution P (or P), in a 
manner made precise in Machina (1988). 

15 This is true even though we are evaluating this derivative at the n-point 
distribution P, where pz = 0. An analogy is that for any univariate function h(-), 
evaluating the derivative h'(0) requires knowledge of h(z) over non-zero values 
ofz  in a neighborhood of 0. 

I6 On this point: In a 'Postscript' to Allais (1988) (pp. 398-403), Allais reminds 
us that the proof of his Impossibility Theorem is based on the representation of 
an n-point distribution by its first 2n - 1 moments, and states that this "assumes 
that all the xi are different from each other and that no pi is nil. If one of these 
conditions is not met, there is degenerescence and the distribution considered is 
lower order than n" (pp. 400-401, El.3, a.,c.). It is not clear to me what this 
statement means. If it means that the function G(MI, . . . ,  Mz,~-l) (and hence 
formula (17)) cannot be used to represent preferences over distributions with less 
than n-point support, the invalidity of formula (17) is then fully established by the 
argument of the previous paragraph, and the argument of the rest of this Section is 
not necessary. Otherwise, the argument of the rest of the Section establishes this 
invalidity. 

17 Of course, it follows that Allais' derivation of the local utility function 
U* (-; P) of the preference functional H* (.) (equation (19)) is similarly invalid. 
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