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Abstract

The ambiguity averse decision maker as portrayed by the multiple priors
model (Gilboa and Schmeidler, 1989) evaluates every uncertain prospect via
the least favorable probabilistic scenario in a subjectiveset �. We charac-
terize a parametric structure for the set � in the case when the decision
maker is given a (closed and convex) set � that contains the objective prob-
ability measure. The added structure, called"-contamination, requires that
� is an "-mixture of � and a singleton p� 2 �. The parameter " 2 [0; 1] is
uniquely derived from preference and is interpretable as a subjective degree
of ambiguity aversion. We characterize"-contamination via a novel axiom
that is motivated by hedging against ambiguity.

1 Introduction

Savage [19] and Anscombe{Aumann [1] formulate principles of rationality that
prescribe ranking uncertain prospects via subjective expected utility. However,
these principles are violated in the Ellsberg Paradox and in other experiments,
such as Fox and Tversky [9], where the typical decision maker exhibits ambiguity
aversion|a persistent bias against betting on events whose probabilities she views
as vague or ambiguous.

To accommodate ambiguity aversion, Gilboa and Schmeidler [12] axiomatize
a maxmin expected utilityrepresentation,

U(f ) = min
p2 �

R
S (u � f ) dp; (1.1)

� I am especially grateful to Larry Epstein for providing comments at all stages of this re-
search. I have also bene�tted from discussions with Mark Machina, Jean-Claude Falmagne, and
participants of the IMBS research seminar. This draft is very preliminary and incomplete. All
mistakes are my own.
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for preference overacts f (functions that map states of the worlds 2 S into lot-
teries|objective distributions over deterministic outcomes). 1 The decision maker
as portrayed by (1.1) evaluates every actf via the least favorableprobability mea-
sure in the subjective set �. This set need not be a singleton and can be taken
convex and closed.

Similarly to the theory of subjective expected utility, the multiple priors model
does not relate beliefs with any kind of objective information. In particular, this
model does not specify how the decision maker should form the set �when she is
given a (closed and convex) set of priors � that contains the objective probability
measure.2 The main goal of this paper is to characterize a simple parametric
structure for the subjective set � when such � is given.

The added structure, called"-contamination, requires that � is an "-mixture
of � and a singleton p� 2 �:

� = " � + (1 � ")f p� g: (1.2)

Here, both " and p� are uniquely derived from preference, except thatp� is ar-
bitrary when " = 1. One can interpret � as the objective amount of ambiguity
and the parameter" 2 [0; 1] as a subjectivedegreeof ambiguity aversion.3 For
example, when" = 0, the decision maker is neutral to ambiguity and uses the
probability measurep� to rank all acts via expected utility. Alternatively, when
" = 1, she is extremely averse to ambiguity and evaluates every act f via the
least favorable probabilistic scenario in all of �. In general,when " 2 (0; 1), the
decision maker evaluates every actf via two scenarios| p� and the least favorable
one in �|that she weighs by 1 � " and " respectively.

We start by modelling complete ignoranceand take � = � 0 to be the class of
all probability measures onS. Then

� = " � 0 + (1 � ")f p� g: (1.3)

This structure is convenient for applications and is used, forexample, in models
of asset pricing (Epstein and Wang [8]) and search (Nishimura and Ozaki [16]).
We characterize the structure (1.3) by replacing Gilboa{Schmeidler's Convexity
with a novel axiom called Hedge-Monotonic Independence. Roughly, it requires
that the preferencef � g for f over g be invariant when both of these acts are
mixed with any third act h that hedgesf , but dishedgesg (the formal meaning of

1This notion of horse-race/roulette-wheel acts is due to Anscombe{Aumann. It is possible to
translate the multiple priors model to a Savage-style framework that does notrely on objective
randomization (Ghirardato et al. [11], Casadeus-Masanellet al. [5]).

2Such information is natural in many experimental settings, like the Ellsberg Paradox, and
is studied in a number of recent theoretical models (see Section 1.1).

3To the best of our knowledge, this interpretation was originated by Ellsberg [7, pp. 664{
665]. A di�erent interpretation is common in the statistics literature: i t uses " to measure the
amount of ambiguity rather than the subjective reaction to the given ambiguity �.
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hedging/dishedging against ambiguity is discussed later). Unlike Convexity, this
condition focuses on situations where hedgingshould not a�ect separability of
preference. Yet, in the presence of other axioms, Hedge-Monotonic Independence
implies Convexity.

The structure (1.3) may be problematic when � 6= � 0. For example, consider
Ellsberg's three-color setting withS = f R; G; Bg. Suppose that the decision
maker is told only that 1

3 is the objective probability of the event f Rg. Then
she plausibly prefers to bet onf Rg rather than on f Gg or f Bg, but also on
f G; Bg rather than on f R; Gg or f R; B g. Still, she may rank all bets on the event
f Rg via expected utility. Hence, any maxmin expected utility representation for
her preference must violate the structure (1.3) because the set �must be non-
singleton, yet all priors in � must agree on f Rg. To accommodate this example,
one can use the general structure (1.2) with � = f p 2 � 0 : p(f Rg) = 1

3g that
consists of all probability measures that assign13 to the event f Rg.

Our main representation result (Theorem 4.1) characterizes the general"-
contamination model (1.2) for anygiven convex set � � � 0. This set is inter-
preted as the information about the objective probability measure that is available
to the decision maker. This interpretation motivates strengthening two of Gilboa{
Schmeidler's axioms (Monotonicity and Convexity).

The exogenous speci�cation of the class � is natural in some settings, but it
can be problematic in others. Indeed, it may be unclear what information about
probabilities the decision maker may have a priori, and how shemay distinguish
\objective" information. To alleviate this concern, we attempt to de�ne the class
� in terms of preference under a suitable maximality constraint imposed on �. 4

For instance, this maximality constraint holds if � is (i) the se t of all extensions of
probabilities given on a subclass of events inS; (ii) the set of all (suitably de�ned)
extensions of conditional probabilities given on a subclass ofpairs of events.

This paper proceeds as follows. First, we brie
y describe Anscombe{Aumann's
framework and Gilboa{Schmeidler's representation result. In Section 3 we charac-
terize the complete ignorance model (1.3) (Theorem 3.1) andin Section 4 extend
this result for the general structure (1.2) (Theorem 4.1). In Section 5, we discuss
the behavioral meaning of" and p� and a possible subjective de�nition of the class
�. Proofs are collected in appendices.

1.1 Related Literature

There is a number of recent models (Gajdos, Tallon, and Vergnaud [10], Hayashi
[13], Damiano [6], Olszewski [17]) that assume that the decision maker is given
information in the form of the set �. Some of these authors (Gajdos et al. and
Hayashi) obtain "-contamination as a special case in their representations. In

4Without such constraint, if " < " 0 � 1 and � 0 = "0� + (1 � "0)p� , then the set " �+ (1 � " )p�

can be rewritten as "
" 0 � 0+

�
1 � "

" 0

�
p� .
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addition, Hayashi [13] and Damiano [6] derivep� as the Steiner point and the
nucleolus of � respectively. However, in order to obtain all ofthis extra struc-
ture, these models make the information � a part of objects of choice. In this
framework, the decision maker may face a choice between any act-information
pairs (f; �) and ( g;� 0). While such choices may be useful for understanding the
decision maker's treatment of information, they may seem too unrealistic even for
normative applications. Moreover, the models cited above adopt axioms that are
arguably less intuitive than ours.

Nishimura and Ozaki [15] formulate a di�erent axiomatizationof the complete
ignorance model (1.3) in Anscombe{Aumann's framework. They take the index
" as exogenous instead of deriving it from preference. There are many other
di�erence in their approach as well.

Both the general "-contamination model (1.2) and its extreme version (1.3)
have been extensively studied in statistics literature (Hodges and Lehmann [14],
Blum and Rosenblatt [4], Bickel [3], Berger and Berliner [2],Wasserman and
Kadane [21]). In this literature, the parameter" is commonly interpreted as the
amount of error that is deemed possible for the priorp� . This interpretation is
di�erent from ours because it uses" to measure theamount of ambiguity rather
than the subjectivereaction to the ambiguity contained in �.

2 Preliminaries

Adopt a version of Anscombe{Aumann's framework. LetX = f x; : : : g be a
set of deterministic outcomes, andS = f s; : : :g be a set of states of the world.
For simplicity, assume that S is �nite. This assumption is not essential for our
representation results and will be dropped later.

Let L = f l; : : : g be the set of all probability distributions that have a �nite
support in X , and H = f f; : : : g the domain of all functions f : S ! L . Call
subsets ofS events, elements ofL lotteries, and elements ofH acts. Identify
lotteries with corresponding constant acts. Given actsf and g and a weight � 2
[0; 1], de�ne a mixture �f + (1 � � ) g as an act that satis�es [�f + (1 � � ) g](s) =
�f (s) + (1 � � ) g(s) for all s 2 S:

Interpret any act f 2 H as a physical action that delivers the lotteryf (s)
contingent on the state of the worlds 2 S. The deterministic outcome of this
action is then resolved inX via the distribution f (s) generated by an objective
randomizing device, such as a fair coin or a balanced roulettewheel.

The decision maker's weak preference over acts is given as a binary relation
� on H. It has asymmetric and symmetric parts� and � respectively. Assume
throughout that � is non-degenerate, that is, � is not empty.

Gilboa{Schmeidler [12] formulate the following axioms for� .

Axiom 1 (Weak Order). � is complete and transitive.
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Axiom 2 (Continuity). For any acts f � g � h, there exist �; 
 2 (0; 1) such
that �f + (1 � � )h � g � 
f + (1 � 
 )h.

Axiom 3 (Monotonicity). If acts f and g satisfy f (s) � g(s) for all s 2 S,
then f � g.

Axiom 4 (Certainty Independence). For all � 2 (0; 1), for all acts f; g 2 H ,
and for all lotteries l 2 L ,

f � g , �f + (1 � � )l � �g + (1 � � )l: (2.1)

Axiom 5 (Convexity). For all acts f; g 2 H , if f � g, then f + g
2 � g:

The �rst three axioms in this list are standard conditions of rationality. (Note
that Monotonicity requires state independence for the ranking of lotteries.) The
other two conditions, Certainty Independence and Convexity, are jointly weaker
than Anscombe{Aumann's Independence and are arguably intuitive even if the
decision maker is ambiguity averse.5

Let � 0 = f p; : : :g be the simplex of all probability measures onS. Gilboa{
Schmeidler's main result asserts that Axioms 1{5 are necessary andsu�cient for
the preference� to be represented by maxmin expected utility

U(f ) = min
p2 �

R
S (u � f ) dp; (2.2)

where the utility index u : L ! R is a�ne, and the set of probability measures
� � � 0 is non-empty, convex, and closed. Moreover,u is unique up to a positive
linear transformation, and � is unique.

3 Extreme "-Contamination

The following example motivates re�ning the multiple priors model in the case of
complete ignorance.

For each� 2 [0; 1], let � � $100 denote a lottery that yields $100 and $0 with
probabilities � and 1� � respectively. Confront the decision maker with acts

f � g� h�
f � + h�

2
g� + h�

2

R 1 � $100 0:5 � $100 0:1 � $100 0:55� $100 0:3 � $100
G 0:4 � $100 0:5 � $100 0:9 � $100 0:65� $100 0:7 � $100
B 0:4 � $100 0:7 � $100 0:7 � $100 0:55� $100 0:7 � $100

(3.1)

5Formally, Gilboa{Schmeidler impose a stronger convexity condition and require that if f �
g, then �f + (1 � � )g � g for all � 2 [0; 1] rather than only for � = 1

2 . However, given axioms
1-4, the two convexity conditions are equivalent.
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that yield lotteries contingent on the color of a ball that isdrawn randomly from an
urn. Suppose that the decision maker is not told anything aboutthe composition
of balls in this urn (except that each of these balls can be either red, or green, or
blue). Then she should view

(i) the act f � + h�
2 as more secure thanf � because the rankingf � + h�

2 � 0:5 � $100
is implied by Monotonicity, but the ranking f � � 0:5 � $100 is not;

(ii) the act g� + h�
2 as less secure thang� because the rankingg� � 0:5 � $100 is

implied by Monotonicity, but the ranking g� + h�
2 � 0:5 � $100 is not.

In other words, the act h� hedgesf � , but dishedgesg� . Such hedging, together
with the standard separability argument, should motivate the ambiguity averse
decision maker to comply with the invariance

f � � g� ) f � + h�
2 � g� + h�

2 : (3.2)

However, (3.2) need not hold in the multiple priors model. Forexample, take
� to be the segment between probability measuresp; p0 2 � 0, where p(f Rg) =
p0(f Rg) = 1

3 and p(f Gg) = p0(f Bg) = 0. Then f � � g� , but f � + h�
2 � g� + h�

2 .
More generally, take an arbitrary �nite S and suppose that the decision maker

has no information about the objective probabilities of events in S. (In principle,
it is su�cient to assume that she has no information that excludesany of the
extreme probabilistic scenarios in �0.) For every act f 2 H , let

M (f ) = f l 2 L : f (s) � l for all s 2 Sg: (3.3)

Then l 2 M (f ) if and only if Monotonicity implies f � l .
Say that an acth 2 H hedgesf 2 H if the strict set inclusionM (f ) � M

� f + h
2

�

holds. To motivate this de�nition, take a lottery l such that l 2 M
� f + h

2

�
, but

l =2 M (f ). Then it is intuitive that the decision maker should view the act f + h
2 as

more secure thanf against ambiguity because the rankingf + h
2 � l is implied by

Monotonicity, while the ranking f � l is not. Analogously, say thath dishedges
g 2 H if M

� g+ h
2

�
� M (g).

Axiom 6 (Hedge-Monotonic Independence). For all acts f; g; h 2 H such
that h hedgesf but dishedgesg,

f � g ) f + h
2 � g+ h

2 : (3.4)

Indeed, the hedging and dishedging in the condition of this axiom should
motivate the ambiguity averse decision maker to comply with the invariance (3.4)
rather than to express an Ellsberg-type preference reversal.

Our �rst main result is

Theorem 3.1. The following statements are equivalent.
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Figure 1: Extreme"-contamination with " = 0:3

1. � satis�es Weak Order, Continuity, Monotonicity, Certainty Independence,
and Hedge-Monotonic Independence;

2. � is represented by

U(f ) = min
p2 " � 0+(1 � " )p�

R
S (u � f ) dp; (3.5)

where" 2 [0; 1], p� 2 � 0, and u : L ! R is an a�ne utility index.

Moreover, " is unique wheneverS is non-singleton,p� is unique whenever" < 1,
and u is unique up to a positive linear transformation.

Figure 1 illustrates extreme"-contamination in the three-color setting with
S = f R; G; Bg. In the maxmin expected utility representation (3.5), the set
of priors � is fully determined by the parameter " 2 [0; 1] and by the single
probability measurep� . For example, when" = 0, the decision maker is neutral
to ambiguity and usesp� to rank all acts via expected utility. Alternatively, when
" = 1, she is very averse to ambiguity and evaluates every actf via the worst
possible outcome off or equivalently, via the least favorable probabilistic scenario
in all of � 0. When " 2 (0; 1), she evaluates everyf via two scenarios| p� and the
least favorable one in all of �0|weighed by 1 � " and " respectively.

Note that the representation (3.5) is also a special case of Choquet expected
utility (Schmeidler [20]), where the capacity� satis�es � (E) = (1 � ")p� (E) for
all eventsE � S other than S.

4 General "-Contamination

When � 6= � 0, the motivation for Hedge-Monotonic Independence becomes prob-
lematic. For example, letS = f R; G; Bg and consider acts (3.1). Suppose that
the decision maker is told only that 1

3 is the frequency of the eventf Rg. Then
she can deduce the strict rankingsf � � 0:56� $100 andg� + h�

2 � 0:56� $100 from
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the fact that the acts f � and g� + h�
2 yield $100 with compound probabilities of

0:6 and 17
30 respectively. On the other hand, the rankingsf � + h�

2 � 0:56 � $100 or
g� � 0:56 � $100 are not implied by Monotonicity or by a priori information. It
is therefore intuitive that h� hedgesg� , but dishedgesf � . This hedging e�ect,
though not very strong, may still motivate a violation of the invariance (3.2) for
a su�ciently ambiguity averse decision maker.

Assume that the decision maker isgiven a non-empty, convex, and closed
set � � � 0 that contains the objective probability measure. Note that � i s a
primitive of the model, but it is not a part of the objects of choice.

For instance, take � = f p 2 � 0 : p(f Rg) = 1
3g in Ellsberg's three-color setting.

In a less trivial example, letS =
Q n

i =1 f B; Gg be a sequence state space produced
by n drawings from a two-color urn with a constant composition of blue and green
balls. Suppose that the decision maker believes that the drawings are random and
independent from each other, but does not know anything about the composition
of the urn. Then it is natural to take � to be the convex hull of t he family of
Bernoulli distributions.

Given a probability measurep 2 � 0, every act f 2 H induces a compound
lottery [ f ]p =

P
s2 S p(s)f (s). Say that f � -dominates an act g if [f ]p � [g]p for

all p 2 �. In other words, f �-dominates g if if f induces a (weakly) better
lottery than g under any probabilistic scenariop 2 �.

Axiom 7 ( � -Monotonicity). If an act f � -dominatesg, then f � g.

Observe that �-Monotonicity implies Monotonicity.
For every act f 2 H , let M � (f ) � L be the set of lotteriesl such that f

�-dominates l. Say that an act h 2 H � -hedgesf 2 H if M � (f ) � M �
� f + h

2

�

and � -dishedgesg 2 H if M �
� g+ h

2

�
� M � (g).

Axiom 8 ( � -Hedge-Monotonic Independence). For all acts f; g; h 2 H such
that h � -hedgesf and � -dishedgesg,

f � g ) f + h
2 � g+ h

2 : (4.1)

This axiom is motivated analogously to Hedge-Monotonic Independence, but
relies on a more elaborate notion of hedging/dishedging.

Theorem 4.1. Let � � � 0 be a non-empty, convex, and closed set of probability
measures. Then the following statements are equivalent.

1. � satis�es Weak Order, Continuity, � -Monotonicity, Certainty Indepen-
dence, and� -Hedge-Monotonic Independence;

2. � is represented by

U(f ) = min
p2 " �+(1 � " )p�

R
S (u � f ) dp; (4.2)

where" 2 [0; 1], p� 2 � , and u : L ! R is an a�ne utility index.
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Figure 2: Sketch of proof of Theorem 4.1

Moreover, " is unique whenever� is non-singleton,p� is unique whenever" < 1,
and u is unique up to a positive linear transformation.

Theorem 4.1 has two straightforward extensions. First, one may drop the
assumption that � is convex. The fact that � is not convex does not a�ect the
motivation of the axioms and requires only thatp� must belong to the convex hull
of � rather than to � itself in the statement of Theorem 4.1. For e xample, if �
is the family of all Bernoulli distributions, which is not convex, then p� need not
be a Bernoulli distribution.

Second, one may drop the assumption thatS is �nite. To do so, let � be
an algebra of events inS, and let H be the set of all �-measurable acts that
have a �nite range in L . For any �nite subalgebra � 0 � �, Theorem 4.1 delivers
the required utility representation for preference restricted to � 0-measurable acts.
The extension of all such representations to all ofH is done via Zorn's lemma (see
Appendix for details).

Note that if � has only two extreme points, that is, if � is a segment , then
"-contamination holds for any � � �.

We conclude this section by a sketch of proof of Theorem 4.1. Thenon-trivial
part is to show that the axioms are su�cient for the utility repr esentation (4.2).
This is done in three steps.

1. First, derive a representation for� by maxmin expected utility with a con-
vex and closed set of priors � � � (Lemma A.3). In other words, show
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that given Axioms 1{4, �-Hedge-Monotonic Independence implies Convex-
ity. This means that our description of hedging complies withGilboa{
Schmeidler's more general intuition about this phenomenon.

2. Show that if actsf 1; f 2 and probability measuresp1 6= p2, q1, and q2 satisfy

p1 = arg min
p2 �

R
S (u � f 1) dp and p2 = arg min

p2 �

R
S (u � f 2) dp;

q1 = arg min
p2 �

R
S (u � f 1) dp and q2 = arg min

p2 �

R
S (u � f 2) dp;

then there exists a unique" � 0 such thatq1 � q2 = "(p1 � p2) (Lemma A.5).
Very roughly, p1 � p2 re
ects the �rst-order di�erence between how actsh
hedgef 1 and f 2, while q1 � q2 re
ects the �rst-order di�erence between how
mixtures with h a�ect the utilities of f 1 and f 2. Accordingly, if p1 � p2 and
q1 � q2 have di�erent directions, then it is possible to construct a violation
of �-Hedge-Monotonic Independence.

3. Show that " derived in the previous step is invariant tof 1 and f 2. This
invariance follows from the similarity of the trianglesp1p2p3 and q1q2q3 in
Figure 2. Conclude that � = " � + (1 � ")p� .

5 Discussion

Say that a non-empty � is semi-a�ne if for all p 2 �, p0 2 � 0, and � 2 (0; 1),

p0 2 � , �p + (1 � � )p0 2 � :

Semi-a�nity implies convexity. For example, a non-empty � i s semi-a�ne if

(i) there exists a family of events � � 2S and a function m0 : � ! [0; 1] such
that � = f p : p(E) = m0(E) for all E 2 � g.

(ii) there exists a family of pairs of events � � 2S � 2S and a function � : � !
[0; 1] such that

� = f p 2 � 0 : p(E \ C) = � (E; C) � p(C) for all (E; C) 2 � g:

Call an act r 2 H subjectively riskyif for all � 2 (0; 1) and for all acts f; g 2 H ,

f � g ) f + r
2 � g+ r

2 : (5.1)

Theorem 5.1. Suppose that� is a non-empty, closed and semi-a�ne subset of
� 0, and either of the two equivalent statements of Theorem 4.1 holds. Then

� = f p 2 � 0 : r � [r ]p for all r 2 R :g

Note that the "-contamination model (4.2) is not a special case of the Choquet
expected utility even if � is semi-a�ne. For example, if S = f R; G; Bg and
� = f p : p(f Rg) = p(f Bg)g, then � is not the core of any capacity � de�ned on
2S.
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A APPENDIX: PROOFS

In the Euclidean spaceRS, denote by ha; bi the inner product of two vectors
a; b2 RS, and by 
 � a the multiplication of a scalar 
 2 R and a vectora 2 RS.
The notation a+ b

2 has the obvious meaning. Let~1 = (1; 1; : : : ; 1) 2 RS.
Given an act f 2 H and a function u : L ! R, let u � f 2 RS denote the

superposition ofu and f . If u is a�ne, then for all f 2 H and p 2 � 0,

u([f ]p) = hu � f; p i =
R

S (u � f ) dp:

Say that a 2 RS �-dominates b2 RS if ha; pi � h b; pi for every p 2 �.

A.1 Proof of Theorem 4.1

Fix a non-empty, convex, and closed set � � � 0. The necessity of axioms is
straightforward. To prove su�ciency, suppose that � is non-degenerate and sat-
is�es Weak Order, Mixture Continuity, �-Monotonicity, Cert ainty Independence,
and �-Hedge-Monotonic Independence.

Lemma A.1. There exist an expected utility functionu : L ! R and a continuous
functional W : RS ! R such that

(1) u(l) represents the preference� over lotteries l 2 L ;

(2) W (u � f ) represents the preference� over actsf 2 H ;

(3) the range ofu covers the interval[� 1; 1];

(4) W is homogeneous, that is, for alla 2 RS and 
 � 0,

W (
 � a) = 
W (a) ;

(5) W is C-independent, that is, for alla 2 RS and 
 2 R,

W
�

a + 
 � ~1
�

= W (a) + 
 ;

(6) W is � -monotonic, that is, W (a) � W (b) whenevera 2 RS � -dominates
b2 RS.

Proof. Gilboa{Schmeidler derive the �rst �ve statements of this lemma from Weak
Order, Mixture Continuity, and Certainty Independence. Toprove that W is �-
monotonic, �x a; b 2 RS such that a �-dominates b. Take 
 > 0 and f; g 2 H
such that 
 � a = u � f and 
 � b= u � g. Then for everyp 2 �,

u([f ]p) = 
 ha; pi � 
 hb; pi = u([g]p)

and hence, [f ]p � [g]p. By �-Monotonicity, f � g. Thus, W (u � f ) � W (u � g),
that is, W (a) � W (b).
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Fix u and W that satisfy the conditions of Lemma A.1. For alla 2 RS, let

V (a) = min
p2 �

ha; pi :

The functional V : RS ! R is continuous, C-independent, homogeneous, �-
monotonic, and concave. Moreover, everya 2 RS �-dominates V (a) �~1. As W is
�-monotonic and homogeneous,

W (a) � V (a) for all a 2 RS. (A.1)

Lemma A.2. For all a; b; c 2 RS, if V
�

a+ c
2

�
> V (a), V

�
b+ c

2

�
< V (b), and

W (a) � W (b), then W
�

a+ c
2

�
� W

�
b+ c

2

�
.

Proof. Fix arbitrary acts f; g 2 H and show that

M � (f ) � M � (g) , V (u � f ) > V (u � g) : (A.2)

By de�nitions of M � , u, and V,

l 2 M � (f ) , [f ]p � l for all p 2 � ,

hu � f; p i � u(l) for all p 2 � , V (u � f ) � u(l):

Similarly, l 2 M � (g) if and only if V (u � g) � u(l). Therefore, if M � (g) is a
proper subset ofM � (f ), then there exists a lottery l 2 M � (f ) n M � (g), which
implies V (u � f ) � u(l) > V (u � g). Conversely, if V (u � f ) > V (u � g), then
there exists a lotteryl such that u(l) = V (u � f ), and hence,l 2 M � (f ) nM � (g).
It follows that M � (g) is a proper subset ofM � (f ).

Fix a; b; c2 RS such that V
�

a+ c
2

�
> V (a), V( b+ c

2 ) < V (b), and W(a) � W(b).
Take 
 > 0 andf; g; h 2 H such that 
 � a = u� f , 
 � b= u� g, and 
 � c = u� h. By
(A.2) M � (f ) � M �

� f + h
2

�
and M �

� g+ h
2

�
� M � (g). By Lemma A.1, f � g. By

�-Hedge-Monotonic Independence,f + h
2 � g+ h

2 . Thus, W
�

a+ c
2

�
� W

�
b+ c

2

�
.

Lemma A.3. There exists a convex and closed set� � � such that

W(a) = min
p2 �

ha; pi :

Proof. Note that if such � exists, then it follows from (A.1) and the separation
theorem that � belongs to �.

In order to derive the existence of � from Gilboa{Schmeidler's theorem, show
that W is concave. Fixa; b 2 RS such that W (a) = W (b) = 0, and show that
W (a + b) � 0. Without loss of generality,V (a) � V (b). If V (b) = 0, then a + b
�-dominates a, and hence,W (a + b) � W (a) = 0. If V (b) < 0, then for all
�; 
 2 (0; 1) such that � < 
 ,

V
� a+ 
 �b

2

�
� V (a)+ 
V (b)

2 > V (a)+ V (b)
2 � V (a) ;

V
� � �b+ 
 �b

2

�
= � + 


2 V (b) < V (� � b) ; and

W (a) = W (� � b) = 0 :

12



By Lemma A.2, W
� a+ 
 �b

2

�
� W

� � �b+ 
 �b
2

�
= 0. As 
 can be arbitrarily close to 1

and W is continuous,W (a + b) � 0. Next, for all a0; b0 2 RS and � 2 [0; 1],

W (� � a0+ (1 � � ) � b0) = �W (a0) + (1 � � )W (b0) + W (a + b) ;

wherea = � �(a0� W (a0)�~1) andb= (1 � � )�(b0� W (b0)�~1) satisfyW(a) = W(b) = 0
and hence,W(a + b) � 0. Thus, W is concave.

Let D be the set of all pointsa 2 RS at which both V and W are di�erentiable.
For all a 2 D, let

v(a) = r V(a) and w(a) = r W(a)

be the derivatives ofV and W respectively.

Lemma A.4. The set D and the functionsv; w : D ! RS have the following
properties:

(1) D is a dense subset ofRS, and its complementRS nD is a set of measure zero;

(2) v and w are continuous;

(3) for all a 2 D, v(a) = arg min p2 � ha; pi and V(a) = ha; v(a)i ;

(4) for all a 2 D, w(a) = arg min p2 � ha; pi and W (a) = ha; w(a)i ;

(5) if a 2 D, � > 0 and 
 2 R, then � � a + 
 � ~1 2 D, v(a) = v(� � a + 
 � ~1), and
w(a) = w(� � a + 
 � ~1).

Proof. As V and W are both concave onRS, the �rst two statements of this
lemma are implied by Theorem 25.5. in Rockafellar [18].

Next, suppose thatV is di�erentiable at a 2 RS. Then for all b 2 RS and
� 2 R, V(a+ � � b) = V(a)+ � hb; v(a)i + o(� ). Take p 2 � such that V(a) = ha; pi .
Then by de�nition of V, V(a + � � b) � V(a) + � hb; pi . It follows that hb; v(a)i =
hb; pi for all b2 RS, that is v(a) = p.

The �fth statement follows from the identity V
�

� � a + 
 � ~1
�

= �V (a) + 
 ,

and from the trivial fact that arg min p2 � ha; pi = arg min p2 �

D
� � a + 
 � ~1; p

E
.

Lemma A.5. For any a; b2 D such thatv(a) 6= v(b), there exists a unique" � 0
such thatw(a) � w(b) = "(v(a) � v(b)):

Proof. Fix a; b such that v(a) 6= v(b). If v(a) = w(a) and v(b) = w(b), then take
" = 1. Otherwise, assume without loss of generality thatv(a) 6= w(a). The vector
w(a) � w(b) has a unique decomposition into the orthogonal sum"(v(a) � v(b))+ c,
where" 2 R, c 2 RS, and hv(a) � v(b); ci = 0.

13



Show that " � 0 and c = 0. Suppose the opposite. Take
 > 0 such that

" < hc; ci , and let q = 
 (v(a) � v(b)) � c. Then

hv(a) � v(b); qi > 0 > hw(a) � w(b); qi :

By Lemma A.4, W(a) = ha; w(a)i > ha; v(a)i = V(a). Choose� > 0 such that
� (W(a) � V(a)) � W(b) � V(b). Let

a0 = �a + ( W (b) � V (b) � � � W (a)) � ~1

b0 = b� V (b) � ~1

q0 = q � hv(a);qi + hv(b);qi
2 � ~1:

By Lemma A.4, a0; b0 2 D, v(a) = v(a0), and w(a) = w(a0). Moreover,

hv(a0); q0i = hv(a);qi�h v(b);qi
2 > 0 > �h v(a);qi + hv(b);qi

2 = hv(b0); q0i ;

hw(a0) � w(b0); q0i = hw(a) � w(b); qi < 0;

V(b0) = 0 � V(a0);

W(a0) = W(b0) = W (b) � V (b) :

Take a su�ciently small � > 0 so that

V(a0+ � � q0) = V(a0) + hv(a0); q0i � + o(� ) > V (a0)

V(b0+ � � q0) = V(b0) + hv(b0); q0i � + o(� ) < V (b0)

W(a0+ � � q0) � W(b0+ � � q0) = hw(a0) � w(b0); q0i � + o(� ) < 0:

As V(b0) � 0 � V(a0), conclude that V( a0+ � �q0

2 ) > V (a0), V( b0+ � �q0

2 ) < V (b0),
W(a0) = W(b0), but W( a0+ � �q0

2 ) < W ( b0+ � �q0

2 ). This contradicts Lemma A.2.

Lemma A.6. There exists" 2 [0; 1] and p� 2 � such that

� = " � + (1 � ")p� :

Moreover, if � is non-singleton, then" is unique, and if " < 1, then p� is also
unique.

Proof. Consider three cases.
Case 1.The function v is constant onD. Then there existsp� 2 � such that

V(a) = ha; p� i for all a 2 D and by continuity, for all a 2 RS. Thus, � = � = f p� g
is a singleton, and" 2 [0; 1] is arbitrary.

Case 2. The range of the functionv consists of two distinct pointsp; p0 2 �.
Then V(a) = min fha; pi ; ha; p0ig for all a 2 D and by continuity, for all a 2 RS.
Therefore, � is a segment, and p and p0 are its extreme points. � is a closed
and convex subset of �, and hence is also a segment. Take� � 
 such that
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�p + (1 � � )p0 and 
p + (1 � 
 )p0 are the two extreme points of �. Let " = 
 � �
and, providing that " < 1, let p� = �

� +1 � 
 p + 1� 

� +1 � 
 p0. Then � = " � + (1 � ")p� .

The uniqueness of" and p� is obvious.
Case 3. There exist a; b; c 2 D such that v(a) 6= v(b), v(b) 6= v(c), and

v(a) 6= v(c). By Lemma A.5, there exist unique"ab; "ac; "bc � 0 such that

w(a) � w(b) = "ab(v(a) � v(b));

w(b) � w(c) = "bc(v(b) � v(c)) ; and

w(c) � w(a) = " ca(v(c) � v(a)):

Then "ab(v(a) � v(b)) + "bc(v(b) � v(c)) + " ca(v(c) � v(a) = 0. The inequalities
ha; v(a)i < ha; v(b)i and ha; v(a)i < ha; v(c)i imply that v(a) does not lie on
the segment connectingv(b) and v(c). Similarly, v(b) and v(c) do not lie on the
segments [v(a); v(c)] and [v(a); v(b)] respectively. Thus,v(a); v(b); v(c) do not lie
on the same line and form a triangle. It follows that"ab = "ac = "bc. Let " = "ab

and q� = "v(a) � w(a) = "v(b) � w(b) = "v(c) � w(c).
Next, �x any d 2 D. Then v(d) is distinct from at least two of the points

v(a); v(b); v(c). Without loss of generality, v(a) 6= v(d) and v(b) 6= v(d). It follows
that q� = "v(d) � w(d). It follows that

W(d) = "V (d) + hd; q� i

for all d 2 D and by continuity, for all d 2 RS. Therefore, � = " � + q� . From
� � � it follows that " 2 [0; 1]. If " = 1, then q� = 0, � = �, and p� 2 � is
arbitrary. If " < 1, then p� = 1

1� " � q� is determined uniquely.

References

[1] F. Anscombe and R. Aumann. A de�nition of subjective probability. Annals
of Mathematical Statistics, 34:199{205, 1963.

[2] J. Berger and M. Berliner. Robust Bayes and empirical analysis with epsilon
contaminated priors. The Annals of Statistics, 14:461{486, 1986.

[3] P. Bickel. Parametric robustness or small biases can be worthwhile. The
Annals of Statistics, 12:864{879, 1984.

[4] J. Blume and J. Rosenblatt. On partial a priori information in statistical
inference.The Annals of Mathemetical Statistics, 38:1671{1678, 1967.

[5] R. Casadeus-Masanell, P. Klibano�, and E. Ozdenoren. Maxmin expected
utility over Savage acts with a set of priors. Journal of Economic Theory,
92:33{65, 2000.

15



[6] E. Damiano. Choice under limited uncertainty. Working Paper, Yale Univer-
sity, 1999.

[7] D. Ellsberg. Risk, ambiguity, and the Savage axioms.Quaterly Journal of
Economics, 75:643{669, 1961.

[8] L. Epstein and T. Wang. Intertemporal asset pricing and Knightian uncer-
tainty. Econometrica, 62:283{382, 1994.

[9] C. Fox and A. Tversky. Ambiguity aversion and comparative ignorance.
Quaterly Journal of Economics, 110:585{603, 1995.

[10] T. Gajdos, J.-M. Tallon, and J.-C. Vergnaud. Decision mak-
ing with imprecise probabilistic information. Journal of
Mathematical Economics, 40(6):647{681, 2004. available at
http://ideas.repec.org/a/eee/mateco/v40y2004i6p647-681.html.

[11] P. Ghirardato, F. Maccheroni, M. Marinacci, and M. Siniscalchi. A subjective
spin on roulette wheels.Econometrica, 71:1897{1908, 2003.

[12] I. Gilboa and D. Schmeidler. Maxmin expected utility with non-unique prior.
Journal of Mathematical Economics, 18:141{153, 1989.

[13] T. Hayashi. Information, subjective belief and preference. Working Paper,
University of Texas, 2005.

[14] J. L. Hodges and E. L. Lehmann. The use of previous experience in reaching
statistical decisions.Annals of Mathematical Statistics, 23:396{407, 1952.

[15] K. Nishimura and H. Ozaki. An axiomatic approach to epsilon contamination.
Working Paper, University of Tokyo, 2003.

[16] K. Nishimura and H. Ozaki. Search and Knightian uncertainty. Journal of
Economic Theory, 119:299{333, 2004.

[17] W. Olszewski. Preferences over sets of lotteries. Working Paper, Northwestern
University, 2005.

[18] R. T. Rockafellar. Convex Analysis. Princeton University Press, Princeton,
1970.

[19] L. J. Savage.The Foundations of Statistics. Dover Publications Inc., New
York, second revised edition, 1972.

[20] D. Schmeidler. Subjective probability and expected utility without additivity.
Econometrica, 57:571{585, 1989.

16



[21] L. Wasserman and J. Kadane. Bayes' Theorem for Choquet capacities. The
Annals of Statistics, 18:1328{1339, 1990.

17


